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ABSTRACT 
For fixed n, Stirling numbers of the second kind, S(n, r) have a single maximum. 
The factorial polynomial (X)n = X(X - -  1)  " "  (X - -  n + 1) plays a role 
in finite difference calculus similar to that of  x ~ in differential calculus. 
Stirling numbers of  the second kind, S(n, r) connect hem in the following 
way, 
x n = ~ S(n, r)(x)r, n >0,  (1) 
where n and r are integers, S(n, r) > 0 for 1 ~< r ~< n, and S(n, r) = 0 
for all r > n and all r < 1. These numbers occur in many other contexts; 
for example, the number of  partitions of  a set of  n elements into r non- 
empty, mutually disjoint subsets is S(n, r). 
From (1) we can obtain the recurrence relation 
S(n + 1, r) = S(n, r -- 1) + rS(n, r). 
In [1] Riordan shows that 
(2) 
n 
j=r--i 
This paper derives some properties of  these numbers. 
(3) 
THEOREM. For n >f 3, there is a unique k~ such that 
S(n, r) > S(n, r - 1), 
S(n, k.) >1 S(n, k.  + 1) 
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r---- 1 ..... k . ,  
and 
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S(n, r) > S(n, r 4- !), r ----- k,c4- 1,..., n. 
Also k,~ ~- kn-1 or k~-i 4- 1. 
PROOF: The theorem is p roved  by induct ion  on n. It  is t rue for n ---- 3; 
ka ~ 2. When r = 1, the theorem is tr ivial.  
For  r = 2 ..... k , ,  by the induct ion hypothes is  S(n, r) > S(n, r -- 1) 
and so 2S(n, r -- 1) > S(n, r -- 2). Us ing (2) and rearranging the terms 
we have 
hence 
S(n 4- 1, r ) - -  S(n 4- 1, r - -  1) 
---- r(S(n, r) -- S(n, r -- 1)) 4- 2S(n, r -- 1) - -  S(n, r -- 2) > 0; 
S(n+ 1, r)  >S(n+ 1, r - -  1), r = 2 ..... k , .  
For  m = 3 ..... n, by the induct ion hypothes is ,  S(m, r) ~ S(m, r + 1), 
r = k . . . . . . .  m, and using (3) we obta in  
S(nq- 1;r4- 1) - -S (n4-  I, r4 -2 )  
n n 
: ~( j )S<j , r ) - -  ~ ( j )S ( j ,  r4 -1 )  
j=r j=r+l 
= (n)s ( r , r )4 -  ~ (n ) (s ( j , r ) -S ( j ,  r4-  1) )>0 
r j j=r+l  
for  r = k,~ ..... n since S(r, r )  : 1 for all r. Thus 
S(n+l , r )>S(n§  1, r4-  1), r :k ,+ l  ..... n4 -  1. 
To complete  the proo f  we need to cons ider  three possibi l i t ies:  
CASE 1. I f  S(n ,k , ) :S (n ,k•4-  1), let k ,+ l :k ,+ 1. Assuming  
S(n, k,~) > S(n, k ,  -- 1) and  using (2) we have 
S(n + ], k.) -- S(n + 1, k.  + l) 
= (k ,  - -  1)(S(n, k,) -- S(n, kn 4- 1)) + S(n, kn -- 1) - -  2S(n, k ,  4- 1) 
= S(n, k ,  -- 1) -- 2S(n, k,) < O. 
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So in this case we have 
S(n + 1, r) > S(n + 1, r - -  1), 
and 
CASE 2. 
put k~+x = k~ -~ 1 so that 
S(n + 1, r) > S(n + 1, r - 1), 
and 
CASE 3. 
r = 1,..,, kn+ 1 
S(n + 1, r) > S(n -Jr- 1, r + 1), r = k~+~ ..... n + 1. 
IfS(n,k,~) >S(n,k~-]- 1) andS(n + 1,k~) <S(n+ 1,kn+ 1), 
r ----- 1,..., kn+l, 
S(n+l,r)>S(n+l,r+l) ,  r =kn+ 1 ..... n+l .  
IfS(n, k.,) > S(n, k.  + 1) and S(n + 1, kn) >~ S(n + 1, k.  q- 1), 
put k .+ l  = kn so that 
S(n § 1, r) > S(n q- 1, r - -  1), r = 1 ..... k,+l, 
S(n + 1, k,,+~) >~ S(n + 1, kn+ 1 -]- 1) 
and 
S(n+l , r )>S(n+l , r+ l ) ,  r----- k.+l + 1 ..... n+l .  
Q.E.D. 
NOTE ADDED IN PROOF. Gian-Carlo Rota has pointed out that the result has been 
proved in an unpublished paper by D. Klarner using the inequality 
k+l  (S(n, k))~ >l -~ S(n, k + 1) S(n, h --1). 
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